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Regularized discrete OT framework: Kantorovitch's formula

® We consider two discrete probability measures:
=11 idx;, € 3, and v = Zjn;l Vibx; € X

® We denote their probabilistic couplings set as
(g, v)={P eR™ Pl,=p,P'1,=v}

 Cost matrix: C =( Cj) € R7*™, (e.g., Cjj = |Ixi — xj||?).

Computing OT between g and v amounts to solving a linear

problem

Kantorovich [1942]

S(p,v) = pe"n"('ﬂ,u)< C,P).
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Regularized discrete OT framework: Sinkhorn divergence

® Linear programming problem that requires generally super

O(n%) arithmetic operations [Pele and \Werman, 2009].

® Entropic regularization of OT distances relies on the addition

of a penalty term as follows

Sinkhorn divergence, Cuturi [2013]

Suv) =, min {( C.P)~nH(P)}

® Negative entropy H(P) = —3_, . Pjjlog(Pj;) and >0 is a

regularization parameter.
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Regularized discrete OT framework: Dual of S,(//, )

¢ Dual of Sinkhorn divergence is given by

Dual of Sinkhorn divergence

Sf](p,u) = ueann’ivréRm {V(u,v) = 1) B(u, v)1,— (u, p) — (v, v)}.

® B(u,v) :=diag(e") Kdiag(e¥) and K :=e~ C/n (Gibbs
kernel).

® The primal optimal solution P* takes the form

Optimal transportation plan

P* = diag(e"") Kdiag(e""), where (u*, v*) = argmin{V¥(u, v)}.
“ u,v
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Regularized discrete OT framework: SINKHORN algorithm

® P* can be solved efficiently by Sinkhorn iterations
(near-O(n?) complexity [Altschuler et al., 2017])
Algorithm 1: SINKHORN( C, 1, V)

1. u® < 1,/n v 1/m;
2. K<+ e™ C/";
3. for k=1,2,3,... do
uk) Kvk=1, v(k)  p o KTulk-D),
JTA%) ; @ ;

a. return diag(u®)) Kdiag(v(¥).

e POT [Flamary and Courty, 2017]

from ot import sinkhorn
P_star = sinkhorn(mu, nu, C, eta)
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Screened dual of Sinkhorn divergence: Motivation

® OT plan presents a large number of neglectable values
(sparse) [Blondel et al., 2018].

¢ Static screening test in Lasso [Ghaoui et al., 2010].

® We define the convex set C}, = {w € R" : " > a}, for a > 0.

S,

ool o ' V

o

¢ |dentify these indices and fixed at the thresholds before solving

_.f the problem. — Reduce the scale of the optim. procedure.
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Static screening test: Approximate dual of S,( '/, )

® Based on this idea, we define a so-called approximate dual

of Sinkhorn divergence

Approximate dual of Sinkhorn divergence

d _ : 1T L
S )= min  {Vu(u,v) = 1] B V)1~ (su, 1) (. v).
® This is a simply dual Sinkhorn with lower-bounded variables,
where the bounds are o, = % and a, = ek with € > 0 and

x > 0 being fixed numeric constants.
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Static screening test: Definition

® The x-parameter plays a role of scaling factor

— closed order of the potential components e and e".
® The e-parameter acts like a threshold for these components.
® The static screening test aims at locating two subsets of
indices (/,J) in {1,...,n} x{1,..., m} satisfying:

Static screening test 7( , )

e’ >, and €% > «,,V(i,j) € I x J
(u,v) €Ci xCh =
e’ = a, and €' = a,, V(i',j') € I x J°
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Static screening test 7T (

Proposition [A., Bérar, Gasso, Rakotomamonjy (2019)]

Let (u*, v*) be an optimal solution of Sgd(u, v). Define

s = {i: 1,....n:p; > %r,-( K)} and
Jew={j=1,....,m:v; > re’ci( K)}. Then one has "/ = <

and €' = ek forall i € IE,H and j € JE,;«

® The parameters ¢ and x are difficult to interpret, we exhibit
their relations with a fixed number budget of points from

the supports of  and v.
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Screening with a fixed number budget of points

® We denote by n, € {1,...,n} and mp € {1,..., m} the
number of points that are going to be optimized in Sgd(u, v).

® let £ € R" and ¢ € R™ to be the ordered decreasing vectors
of p@r( K) and v @ c¢( K) respectively.

® To keep only np-budget and my-budget of points, the

parameters  and ¢ satisfy % =¢&p, and €2k = Cpm,. Then

€= (£,,meb)1/4 and xk = ”%.

® This guarantees that

“ ‘/871{| = Np and |J€7,€| = my. E
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Screening with a fixed number budget of points

* Any solution (u*, v*) of 82%(u, v) satisfies T (/e x, Je,x) with
ay = £ and ay+ = €k,

® We can restrict the variables in Sf]d(u, V) to variables in /.,
and J. ;.

® This boils down to restricting the constraints feasibility

C? NC! to the screened domain defined by /°¢ M V¢, where

U< ={ueR™: ">~} and V* = {v € R™ : & > cr}.
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Screening with a fixed number budget of points

* By replacing in Sf;d(u, v), the variables belonging to
(/E)K X JE’,{) by - and ex, we derive the screened dual of

Sinkhorn divergence problem as

Screened dual of Sinkhorn divergence

Sscd — c Vi
n (1Y) ueur::,lyevsc{ el v}

where

Y, (u,v) = (e )T K(,L_QN)JM)e"JE«N + <&‘/€(e”’5-~)T K(,S . ng)lmb

€47 v T - =
— Je,n — _ =
+ K;]'”b K(’E,Nst,N)e S — KWy U, —K VY vy +Z=
m with = =2 ZIEIE el Kij — nlog(anil)zielg . pj— w1 |°g(EK')ZjeJE . vj. Nﬁlz
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L-BFGS-B: Box constraints on ( ¢, =)

° S,Sfd(u, v) uses only the restricted parts K(,_, ;. ),
K(,Em’chﬁ), and K(,c Jo) of the Gibbs kernel K for

g,kI17ER

calculating the objective function W ,..

Proposition [A., Bérar, Gasso, Rakotomamonjy (2019)]

Let (¢, v*) be an optimal pair solution of the screened dual S;;Cd(u, V)

and Kmin = min,-els wd € n K,J Then, one has

€ y min,-e,m i < euic < € v maXjej, . Ki
maxjes. . Uj = >
Kooe(m—mp) +eV ——=g—m, ko me Knin
ner min
min; v max; U
er V JGJE/:maiie/ . i < ev’s'c <erV —JGJE'K !
e(n—np) +eV ——g=—n ne Kmin
me min

forall i€ l., and j € J_ .
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SCREENKHORN

Algorithm 2: SCREENKHORN( C,n, p, v, np, mp)
Step 1: Initialization

K« e= C/m,

& « sort(p @ r( K)), ¢ < sort(v @ c( K)); //(decreasing order)

e (EnyCmp) 5 \[Cmy /€y

. 2 —1
lew = {i=1,...,n:p; > v (K}
. 2 .
Jew = {i=1,...,m:v; > ere( K)}, Kpin = ming_ e Kij;
K= ming oy s MaXie o i Y Se Minje g o Ky P S MaXje g K
w B _
u<log (£ Vv — ), 0 log (£ v —H—);
L a(m—mb)+avmmb ’ K me Kin
v « log (em\/ —Em-i),ﬁ <+ log (sr@ 4 %)
E(n—nb)+sVTunb ne Kmin
me Kin

6 «— stack(Dlnb, Vlmb), 0+ stack(glnb,!lmb);

Step 2: L-BFGS-B

u® |og(5ﬁ,71)1nb, V(0 Iog(aﬁ,)lmb, 00 stack(u(o)7 v(o));
6 + L-BFGS-B( 09, 0, 9);

0y (01, 0n) T, O (Ongi1sev s Onpimy) s

uf < (0y);ifi € o and Ui log(sx 1) ifi € ,[E],Hi;

VI (8y);ifj € Je,n and v < log(er) ifj € SC

return B(u*c, v*°).
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Integrating SCREENKHORN into machine learning pipelines

Optimal Transport Domain Adaptation (OTDA) [Courty et al., 2017]:
MNIST to USPS data.
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Wasserstein Discriminant Analysis (WDA) [Flamary et al., 2018]: MNIST
data.
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Take Home Message

® We introudce a novel approach for approximating the
Sinkhorn divergence based on a screening strategy with a

carefully analyzing its optimality conditions.

® Integrated in some complex machine learning pipelines, our
SCREENKHORN algorithm achieves strong gain in efficiency

while not compromising on accuracy.
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